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We call a collection IC P(o) a free ideal if: I is closed under finite 
unions; w  is not in Z; if A is in 1, then each subset of A is in I; and every 
finite subset of w  is in I. In this paper two sets (finite or infinite) are said 
to be almost disjoint if their intersection is finite. A free ideal is said to be 
weakly 2’O-saturated if for each collection of continuum many pairwise 
almost disjoint subsets of w, at least one of these sets belongs to the ideal. 
The ideal of measure zero sets of a finitely additive probability measure 
p: 9(w) + [0, l] such that p(X)=0 for each finite subset X of w  is an 
example of a weakly 2Xo-saturated ideal. In this note we prove 
THEOREM 1. Let k and n be positive integers and let ICY be a 
weakly 2@-saturated ideal. For each function f: [w]” + [w] ‘n there is a 
sequence .x1 < x2 < ... <X,-C ... <w for which U {f({xl+l,...,xj+k)): 
j<w) is in I. 
The Motivation 
Theorem 1 was motivated by the following problem. Let n be a positive 
integer. Two players, ONE and TWO, play a game in which there is one 
inning for each positive integer; during the rth inning, player ONE first 
picks a finite subset B, of w  and TWO then responds by picking a 
<n-element subset W, of w. Player ONE must additionally obey the rule 
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that B, is a proper subset of B,, 1 for each positive integer r. TWO is 
declared the winner of the play (B,, W,, . . . . B,, W,, . ..) of this game if 
Up= , B,j is a subset of lJ,?= i W,. Call this game G(w, < K,, n). Player 
TWO evidently has a winning strategy for this game: in the rth inning 
TWO picks the rth point of o. The simplicity of this strategy indicates that 
TWO has an unfair advantage; to even things up we will restrict the kind 
of information TWO may use during the game. The restriction will be that 
for a given positive integer k TWO may use no more than the sets-chosen 
by ONE during the most recent k innings. Is there a function F whose 
domain is the set of sequences of length at most k of finite subsets of w  and 
whose values are’elements of [o] sn such that every play (B,, W,, . . . . B,, 
W,, . ..) with W, = F(B,, . . . . B,) for r,<k and W,+k=F(Bj+,,..., B,,,) for 
j < w  is won by TWO? We call a strategy which requires knowledge of 
only the most recent k choices by the opponent a k-tactic. 
PROPOSITION 1. There are no positive integers k and n for which TWO 
has a winning k-tactic in the game G(o, <N,, n). 
ProoJ: Let k and n be positive integers and let F be a k-tactic for TWO 
in the game G(o, <K,, n). Define a coloring 4: [elk + (0, 1, ..,, n .k} so 
that for x1 < . . . < xk < o, & {xi, . . . . .Y~}) is a point in (0, 1, . . . . n . k} which 
is not in any of the sets F(x,), F(x,, x,), . . . . F(xl, . . . . .xk). Note that we are 
identifying a positive integer x with (0, I, . . . . x- 11. Choose, by Ramsey’s 
theorem, a point b in {O, 1, . . . . n k} and an infinite subset X of o which is 
monochromatic of color b for the coloring 4. Let B, < ‘.. < B, < ... be an 
increasing sequence of points from X, considered as initial segments of o, 
and let IV,, . . . . W,, . . . be the corresponding responses of TWO using the 
k-tactic F. Since the point b never got picked by TWO and since U;?, B, 
is all of o, TWO loses this play. Thus F is not a winning k-tactic for 
TWO. 1 
This proof exhibits a single point that was neglected by TWO and raises 
the question of how badly TWO’s k-tactic really is defeated by ONE. ONE 
cannot ensure that TWO picks only finitely many points during the game; 
TWO may simply resort to picking the largest element from ONE’s most 
recent set. Theorem I implies that in some sense ONE could still ensure 
that the set of points picked by TWO by means of a k-tactic is small, while 
the set of points picked by ONE covers o. 
The Proof of Theorem 1 
We use the canonical partition theorem of Erdiis and Rado [2 or 33 in 
our proof; but first we establish some notation and terminology. For an 
n-tuple X= (x-i, x2, . . . . x, } (indexed in increasing order) and a subset f of 
{ 1, . . . . n), X, denotes the set (xi : in J>. A function S with domain [o]” is 
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said to be J-canonical on a subset A of o if for all X and Y in [A]“, 
f(X) =f( Y) if and only if X, = Y,. The function f is said to be canonical 
on A if f is J-canonical on A for some J. 
The canonical partition theorem states that for each positive integer n, 
each function f delined on [o]” is canonical on some infinite subset A of 
o. The function f then has the following property: either f is constant on 
A, or else f(X) #f(Y) whenever X and Y are disjoint n-tuples from A. This 
fact by itself can be used to prove the case n = 1 of Theorem 1. For let k 
be a positive integer, let I be a weakly 2”‘-saturated ideal and let a function 
f: [elk + [w] c1 be given, say f(X) c {fi(X)}, where fi: [elk + w. Let A 
be an infinite subset of o with fi canonical on A. For an infinite subset Z 
of A, enumerated in increasing order as (zl, z2, . ..I. put !P(Z) = 
{fl({‘i+ 1, ...Y Zi+k }) : i < o}. Since f, is canonical on A it follows that if Z 
and Z’ are almost disjoint subsets of A then ul(Z) and Y(Z’) are almost 
disjoint. Choose a family of continuum many infinite subsets of A which 
are pairwise almost disjoint. The Y operator applied to this family 
produces another family of continuum many pairwise almost disjoint sets. 
Since Z is weakly 2’“-saturated at least one of the latter sets belongs to Z, 
proving this case of Theorem 1. The general case of Theorem 1 will be 
proven similarly with the help of the following two lemmas. 
LEMMA 1. Let m and n be positive integers. For any one-to-one functions 
f: [a]“’ + S and g: [o]” + S there is an infinite subset A of o such that: 
either f 1 [A 3”’ and g 1 [A]” have disjoint ranges, or else m = n and 
f I CAl”=gl [Al”. 
Proof: Let f and g be given and define 4: Co]“+” + 
P([{l, . . . . m+n)]“x (1, . . . . m+n)]“) so that (H, J) E #( W) exactly when 
f( IV,) = g( W,). Let A be an infinite &monochromatic set; say q$( W) = Y 
for all W in [A]“‘“. If Y is empty, then f ] [A]” and g 1 [A]” have 
disjoint ranges. So, suppose Y is not empty, and let (H, J) be in 9. 
Claim. H= J. For if H is different from J we can choose W and W 
from [A]“‘” such that: either W, = W;, but W,# W;, or else W,= W” 
but W, # W,. Since A is &monochromatic, the former possibility implies 
that g( W.,) = g( W>) since f( wiH) = f ( W,) = g( W,) and f ( WH) = g( IV”), 
contradicting the injectivity of g; the other possibility similarly contradicts 
the injectivity of the functionf: 
It follows from this claim that m=n. That f(X) =g(X) for each X in 
[A]” can be seen as follows. Fix such an X, let K= { 1, . . . . m}, and choose 
subsets U and V of A, each having 2 f m elements, for which UK = X and 
V, = W,. Then f (V,) = g( VK), whence (K, K) is in q5( V) = q5( U), since A 
is monochromatic for 4. Thus f(X) = f ( U,) = g( U,) = g(X). 1 
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LEMMA 2. For any positive integers k and n and any function 
f. [w]” -+ [S]“” there are an infinite subset A of w  and a set TE [S]“” 
such that for X and Y in [A]” and disjoint, f(X) n f( Y) = T. 
Proof We may assume, by Ramsey’s theorem, that f(X) is nonempty 
for each X in Co]“. Then write f(X)= {f,(X), . . . . f,(X)}, where 
f,: [elk + S for each 1 < i 6 n. Choose an infinite subset B of w  so that 
f,, . . . . f,, are canonical on B. Thus, for each i in ( 1, . . . . n), there is a set 
J, c { 1, . ..) k} of cardinality ri and there is a one-to-one function gi defined 
on [B]” such that f,(X) = g,(XJ8) for all X in [B]“. Choose, by Lemma 1, 
an infinite subset A of B so that for i, j in { 1, . . . . n>, either gi 1 [A]” and 
gj 1 [A]q have disjoint ranges or else r, = rj and gi 1 [A]” = g, 1 [A]q. Put 
T= {g,(G) : r, = 0). A and T are the required sets. 1 
Theorem 1 follows, for fix A and T as in Lemma 2. For any infinite sub- 
set Z of A, enumerated in increasing order as { -7,) zz, . . . }, we define Y(Z) 
to be the set U {f((zi+lr...,z,+k, l) : i < o}. It follows that if Z and Z’ are 
almost disjoint subsets of A then Y(Z) and Y(Z’) are almost disjoint. 
Choose a family of continuum many infinite subsets of A which are 
pairwise almost disjoint. The y/ operator applied to this family produces 
another family of continuum many pairwise almost disjoint sets. Since I is 
weakly 2’O-saturated at least one of the latter sets belongs to I. I 
The hypothesis that I be weakly 2 ‘O-saturated is sufficient but not 
necessary, The ideal of nowhere dense subsets of the rational numbers is 
not weakly 2No-saturated; there are continuum many everywhere dense sub- 
sets of the rationals whose pairwise intersections are finite. Yet for each 
f: [co]” -+ [cl] Gn there is an increasing sequence x, <.x2 < .. < 
x, < . . . < o for which U { f( {x, + , , . . . . -xi+ k 3) : j < w  } is nowhere dense. 
In fact, suppose that f(X)c {f,(X), . . . . f,(X)} for X in [a]“. Using 
Ramsey’s theorem in the form w  -+ (w):“c i, we obtain an infinite 
sequence x, < xz < . . <w such that, for each i in (1, 2, . . . . n}, either 
)...) xk}) d fi({x2 )..., xk+l)) < fr((x3 ,,.., xk+z)) < ‘..) or else 
x1, . . . . -xk}b’.f,({x2~ ..., xk+l })>f,({x,,...,.~,+~})> . . . . Thus the set 
x, + k} : j < w  > is covered by n monotone sequences. 
A Positive Result 
The proofs of Proposition 1 and Theorem 1 made essential use of the fact 
that the nodes of the exhibited path could increase arbitrarily fast, as our 
final proposition will show. We will formulate this propoisition also in 
game theoretic terms. Let f be a strictly increasing sequence of positive 
integers. G(o, f, n) denotes the variation of the game G(w, <X,, n) where 
player ONE is additionally constrained to obey the rule that the set ONE 
picks in the rth inning may have no more than f(r) elements. 
A RAMSEYAN THEOREM 129 
PROPOSITION 2. For every strictly increasing sequence f of positive 
integers TWO has a winning l-tactic in the game G(o,f, 1). 
Proof. Fix a function y: w  + o such that for each n in o, {m : m in w  
and y(m) = n} is infinite. Define h as 
(i) h(l)= 1 and 
(ii) h(j+ 1) = f(h(j) + 1) + 1 for every positive integer j. 
For every nonempty finite subset B of w  we let m(B) denote the smallest 
positive integer k such that IB( <h(k). Here is TWO’s l-tactic, F. Let B be 
a finite nonempty subset of w. Put F(B) = { y(m( B))} if this is a subset of 
B and F(B) = { max(B)} otherwise. Also, put F((a) = a. 
F is a winning l-tactic for TWO, for let (B,, W,, . . . . B,, Wi, . ..) be an 
F-play of G(o, f, 1). By the rules of G(w, f, 1) we have that k 6 1 B, + ,I d 
f(k + 1) for every positive integer k. In particular, h(k) < 1 B,,,, + II < 
h(k + 1 ), so that m(B,(,,+ , ) = k + 1 for each positive integer k. Conse- 
quently for each positive integer r the set {m(B,(,,+ ,): k is a positive 
integer and r < h(k)} contains ail but finitely many of the positive integers. 
By the choice of y, { y(m(B,(,,+ 1)): k is a positive integer and r < h(k)} is 
the set of all positive integers. 
Now let x be a point in U,“= , B, and let r be the smallest positive integer 
with x in B,. Applying the foregoing remarks we find a positive integer k 
for which r is less than h(k) and x = ~(rn(B,(~,+ ,)). The definition of F 
implies that x is in WhCkj+ 1. This argument shows that /J,“= i B, = 
U,“= , W,,. Since we considered an arbitrary F-play, F is a winning l-tactic 
for TWO. 1 
The games considered here are variations of a game which was invented 
by D. Gale and considered by Cieselski and Laver in [ 11. Ciesielski and 
Laver studied strategies requiring other types of information for games 
played on a not necessarily countable set. The question of the existence of 
winning k-tactics for TWO in te game G(K, f, n) for f a strictly increasing 
function and for n a positive integer and K an uncountable cardinal number 
seems more complicated and will be discussed elsewhere. We thank 
professors Kathy Ayers, Dave Ferguson, Steve Grantham, and Sid Porter 
for listening to some of the proofs and for their stimulating remarks and 
questions. 
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